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Problem 1. Let A C R be a countable set. Prove that R\ A is uncountable.

Solution. Standard Solution. We first prove a useful lemma:

Lemma. If XY are disjoint countable (or finite) sets, then | X UY| < |NJ.

Proof. By definition, there are injections f : X — Nand g: Y — N. Let h : XUY — Z be defined by h(z) = f(x)
for all z € X, and h(y) = —g(y) for all y € Y. Since X and Y are disjoint, this function is well-defined. Once we
prove that h is an injection, we will know that | X UY| < |Z| = |N|.

To prove h is an injection, assume that h(a) = h(b), with a,b € X UY. If a,b € X then f(a) = h(a) = h(b) = f(b)
and since f is an injection, we must have a = b. If a,b € Y, then —g(a) = h(a) = h(b) = —g(b). So g(a) = g(b),
and since ¢ is an injection then @ = b. Finally, a € X,b € Y cannot happen since h(a) = f(a) > 0 > h(b) = —g(b)

Rest of solution. We know that |[N| < |R| from class, and that (R\ A) UA =R.

Suppose for the sake of contradiction that R\ A is not uncountable. So either R\ A is finite, or countable. In
either case the lemma (which applies because R\ A and A are disjoint) tells us that |[R| = [(R\ A) U 4] < |N],
which is a contradiction.

Solution. Diagonalization proof. There is a proof which uses Cantor’s diagonalization argument. I will only
sketch the proof here (since a more formal proof is above).

Suppose for the sake of contradiction that R\ A is not uncountable. So we may list out the elements as x1, zo, . . .,
(possibly repeating the final x,, infinitely if the list is finite). Since A is countable, we may list the elements of A
as aj, ag, ... ,.

Now apply Cantor’s Diagonalization argument to the list x1, a1, 2, as, .. .. This will produce a real number z that
is neither in R \ A nor in A. This is a contradiction.

Grading. 3 points total. Any correct argument of the fact that the union of two at most countable sets is
countable is worth 2 points: 1 point for using definitions accurately and correctly, 1 point for the “weaving” idea
(or using Z). The rest of the argument, done correctly, is worth 1 point.

Do not worry about the subtlety that “not uncountable” means “countable or finite”.
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The next two problems together will prove “A = B if and only if P(A) = P(B)”.

Problem 2. Let A, B be sets. Prove that if A C B, then P(A) C P(B). Explain why we can conclude that if
A = B, then P(A) = P(B).

Solution. Assume A C B. Note
X eP(A)=XCA By definition of P(A)
= XCB since A C B
= X € P(B) By definition of P(B)

By exchanging the roles of A and B and repeating the argument we get B C A = P(B) C P(A). So, using the
double subset definition of set equality, we can conclude that if A = B, then P(A) C P(B).

Grading. 2 points total. 1 point for the argument (using the definitions correctly), and 1 point for correctly
concluding the more general statement.
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Problem 3. Let A, B be sets. Prove that if P(A) C P(B), then A C B. Explain why we can conclude that if
P(A) =P(B), then A = B.

Solution. Assume P(A) C P(B). Note
reA={z}CA
= {2} € P(4) By definition of P(A)
= {z} € P(B) since P(A) C P(B)
={z} CB By definition of P(B)
=z e€B

By exchanging the roles of A and B and repeating the argument we get P(B) C P(A) = B C A. So, using the
double subset definition of set equality, we can conclude that if P(A) C P(B), then A = B.

Grading. 2 points total. 1 point for the argument (using the definitions correctly), and 1 point for correctly
concluding the more general statement.
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The next three problems are all related.

Problem 4. Let A be a set. Define B to be the collection of all functions f : {1} — A. Prove that |A| = |B| by
constructing a bijection F': A — B.

Solution. For a € A, let f, : {1} — A be the function defined by f,(1) = a. Define F': A — B by F(a) = f,.
Claim 1. F is an injection.

Suppose a,b € A such that F'(a) = F(b). So f, = fp. Thus

0= ful1) = H(1) = b.
Soa=m"a.

Claim 2. F is a surjection.

Let g € B. Let a = g(1). Note that F(a) = f, is the function f, : {1} — A such that
fa(l) =a=g(1).
S0 g = fa = Fla).

Grading. 3 points total: 1 point for an accurate and precise definition of F', 1 point each for surjective and
injective.
Remove at most 1 point for sloppy writing that is otherwise correct, but be generous.
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Problem 5. Let A be a set. Define C' to be the collection of all functions f : {0,1} — A. Prove that |[Ax A| = |C|
by constructing a bijection F': A x A — C.

Solution. For a,b € A, let f,p : {0,1} — A be the function defined by f,;(0) = a and f, (1) = b. Define
F:AxA— CbyF(a,b) = fap-

Claim 1. F' is an injection.

Suppose a,b, ¢,d € A such that F(a,b) = F(c,d). So fop = fea. Thus
a= fop(0) = fea(0) =c.

So a = c. Also
b= fa,b(l) = fc,d(l) =d.
So b=d. Thus (a,b) = (c,d).

Claim 2. F' is a surjection.

Let g € C. Let a = ¢g(0) and b = g(1). Note that F(a,b) = fq is the function f,; : {0,1} — A such that

fa,b(o) =a= g(O),
and

fap(1) =b=g(1).
So g = fap = F(a,b).

Grading. 3 points total: 1 point for an accurate and precise definition of F', 1 point each for surjective and
injective.
Remove at most 1 point for sloppy writing that is otherwise correct, but be generous.
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Problem 6. Let A be a set. Define D to be the collection of all functions f : A — {0,1}. Prove that |P(A)| = |D|
by constructing a bijection F' : P(A) — D.

Solution. For X C A, let fx : A — {0,1} be the function defined by fx(z) =0if z ¢ X and fx(z) = 1 if
x € X. Define F': P(A) — D by FI(X) = fx.

Claim 1. F is an injection.

Suppose X,Y € P(A) such that F(X) = F(Y). So fx = fy. To prove X =Y we use double subset.

Let t € X. So 1= fx(z) = fy(x). SoxzeY. IfyeY, then 1= fy(y) = fx(y). Soy € X. Thus X =Y.

Claim 2. F is a surjection.

Let g € D. Let X = {z € A: g(x) = 1} C A. In other words, X € P(A). Note that F(X) = fx is the
1 =

function fxy : A — {0,1} such that fx(z) = g(z) for all x € A, and fx(x) = 0 = g(z) for all x ¢ A. So
9= fx=F(X).

Grading. 3 points total: 1 point for an accurate and precise definition of F', 1 point each for surjective and
injective.
Remove at most 1 point for sloppy writing that is otherwise correct, but be generous.
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In the following two problems we will refer to Cantor’s Diagonalization Argument (as presented in pages 124
and 125 of the textbook). For these two questions we will replace the definition of a; in the textbook with:

1 if the kth digit of f(k) is 0
ap =
0 otherwise

Problem 7. You are a consultant for a friend designing a new video-game. Every player in the game is assigned
a unique ID which is a binary string with 3 digits. Currently only the following three IDs have been assigned to
players: 000,001 and 010.

Apply Cantor’s Diagonalization argument to get an ID for a 4th player that is different from the three IDs already
used.

Solution. Applying Cantor’s Diagonalization argument to:
(0100
ofoft
01[0]

gives an ID of 111.

Grading. 1 point, all or nothing.

Problem 8. (Continuing Problem 7) Show that from the four IDs (the three originals and the new diagonalized
one) you can choose three IDs Iy, Is, I3 so that they will generate a 5th new ID when Cantor’s Diagonalization
Argument is applied to I, I, and Is.

By repeatedly doing this, show that you can generate all 8 possible IDs.

Solution. We need to generate 011,100,101, and 110. Here are those methods:

(111
oot
00[0]

(0100
11
01[1]

(0100
11
01[0]

[0)00
oot
01[1]

gives an ID of 011.

gives an ID of 100.

gives an ID of 101.

gives an ID of 110.

Grading. 2 points total: 2 if it looks more or less correct. Do not look at this question carefully.




