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Instructions: There are five (5) multiple choice questions worth two (2) points
each. Choose the answer that is most correct. Your answers must be recorded on
the final page of the booklet.

MC1 (2pts) Express the following statement by correctly using the logic symbols: “Every
rational number x has a non-zero integer n such that xn is an integer.”

A. (Vo € Qan =y](n € Z\{0},y € Z)

B. (V& € Q)(Vn € Z\ {0})(3y € Z)[zn = y]

C. (Vz € Q)(3n € Z\ {0})(3y € Z)[zn = y] +— [Correct.]
D. (Vo € Q)(3n € Z)(3y € Z\ {0})[zn = y]

E. (VzeQ A@BneZ\{0})ANByeZ\{0})A[zn=y]

MC2 (2pts) Let () be the empty set. Let A = {()}. Which statement is false?
A.AZD
B. AC () +— [Correct.]
C.heA
D.0CA
E.0#A

MC3 (2pts) Yixuan conjectures that: “If p is a prime, then p? is not a prime number”.
Which of the following proof strategies will prove this statement is true?
A. Note that p = 3 is prime, but p? = 9 is not prime.
B. Assume that p? is not prime, and conclude that p is prime.
C. Assume that p? is prime, and conclude that p is not prime. +—
[Correct.
D. Assume that p is prime, and conclude that p? is also prime.
E. Assume that p is not prime, so p? must also be not prime.

MC4 (2pts) Let f : [-2,2) — R be defined by f(z) = 2%. Which sets provide a coun-
terexample to “f(AN B) = f(A) N f(B)"?

A. A=0,B=0.

B. A={-1,0},B={0,1} «+— [Correct.]
C. A=[-2,0],B=10,2].

D. A=[-2,2),B=1[-2,2).

E. A=Q,B=R\Q.

MC5 (2pts) Is (P = P) = P logically equivalent to P = (P = P)?
A. Yes, they are both contradictions.
B. Yes, they are both tautologies.
C. Yes, but they are neither tautologies or contradictions.
D. No, but (P = P) = P is a tautology.
E. No, but P = (P = P) is a tautology. «— [Correct.]



Instructions: There are two (2) long answer questions worth five (5) points each,
with multiple parts. Provide a complete solution, with justification, in the space
provided.

Q1.1 (3 POINTS)
Write the negation of “(Vz,y € R)(3z € R)[(z < 2) = (y < 2)]”.

Solution. The following are logically equivalent, and the final statement is the
desired negation.

—((Vx,y eER)(FzeR)[(z<2)=(y< z)]>
(Bo,y € R)~((F2 € R)[(z < 2) = (y < 2)])
(z<2)= (y<2))

(Fz,y € R) VZER—'<
(Fz,y e R)(Vz e R)[(z < 2) A (y > 2)]

Grading.

(1) 1pt. Correctly negated all three quantifiers. (0/1 if any mistakes.)
(2) 1pt. Correctly negated P = @ as P A —Q.
(3) 1pt. Correctly negated y < z.




Q1.2 (2 POINTS)

Use proof by contradiction to prove that there are no rational solutions to

2+r+1=0.

Solution.

Proof by Contradiction: Assume that what has to be proven is false, i.e. The equa-

tion 3 + 2 + 1 = 0 has rational solutions.

Assume that the equation has a rational solution z = 3, where a,b € Z and b # 0
such that a and b have no common factors.

Substituting x = % in 23 + 2 + 1 = 0 and then multiplying by b:

2 +r+1=0
a\3 a

=z 241 =
(b>+b+ 0

a4+ ab®* +b* =0
We consider the following three cases:
(1) If @ and b are odd, then a3, ab®, and b® are all odd. This implies that
a® + ab® + b? is odd, and it cannot be 0.
(2) If @ is odd and b is even, then a® is odd and ab? and b are even. This implies
that a3 + ab® + b3 is odd, and it cannot be 0.
(3) If a is even and b is odd, then a® and ab? are even and b? is odd. This implies
that a3 + ab® + b3 is odd, and it cannot be 0.
Thus, a and b have to both be even integers.

This contradicts the assumption that ¢ and b have no common factors. Hence, the
equation 22 + 2 + 1 = 0 has no rational solutions.

Grading.
(1) 1pt Getting to a® + ab® +b> = 0.
(2) 1pt Breaking into even/odd cases and successfully deriving contradictions.




Q2.1 (2 POINTS)

Let A, B be sets. Use only logic symbols (V,A,=,<, -, €,¢) to express the
following statement: “z € (A\ B)U(B\ A)if...”

Solution.
[z € (A\B)]V[z e (B\A)
Sre ANz ¢ B]V[ze BAx ¢ A

Grading.

(1) 1pt. Turning the z e CUD intoaxz € CVx € D.
(2) 1pt. Turning both x € C\ D into x € C Az ¢ D.

Q2.2 (3 POINTS)
Suppose that A C B and C C D. Prove that (ANC) C (BUD).

Solution.

Let  be in ANC, that is, z € (AN C). By definition of intersection, x € A and
xeC.

Given r € AC B, x € A= x € B, by definition of inclusion of sets.
Given x e C C D, x € C = x € D, by definition of inclusion of sets.

Combining the two statements, x € B and x € D. Thus, 2 € (BN D), and
(BND)C (BUD). It follows that € (BU D).

Grading.
e 1Ipt. Correct structure of proof. (Assume x € ANC, and show 2 € BN D.)
e 1pt. Used the assumptions A C B and C' C D.
e 1pt. Combined x € B and x € D into x € BN D.




Instructions: You may use this page for any additional work you want graded. If
you use this page, please indicate that on the original page containing the question.

[End of Quiz]



