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Instructions: There are five (5) multiple choice questions worth two (2) points
each. Choose the answer that is most correct. Your answers must be recorded on
the final page of the booklet.

MC1 (2pts) Let f : A — B and g : C' — D be functions. What condition is necessary
for g o f to be defined?

A=D,

B=C,

BCC,

range g C A,

range f C C. «— [Correct]
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MC2 (2pts) Let M, N be natural numbers. What is:

(35

MC3 (2pts) How many functions f : {1,2,...,2019} — {0,1} are there that are not
surjective?

0,

L,

2, «— [Correct]

2019,
92019
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MC4 (2pts) The definition of a dyadic number is given recursively as follows:
(1) 0 is dyadic,
(2) 1is dyadic, and
(3) Whenever a is dyadic and b is dyadic, then
Which of the following numbers is dyadic?

a+b

is dyadic.

1
A. g [Correct]
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)

o
U = W= O =

&3

MC5 (2pts) Let f: {—1,0,2} — R be defined by f(x) = 22. Is this function an injection?
No, because z2 fails the vertical line test.

No, because (1)2 = (—=1)? and —1 # 1.

No, because 0% = 0.

Yes, because x? passes the vertical line test.
Yes, because if f(a) = f(b), then a = b. +— [Correct]

=o QW=



Instructions: There are two (2) long answer questions worth five (5) points each,
with multiple parts. Provide a complete solution, with justification, in the space
provided.

Recall that the Fibonacci numbers are defined by Fy = 1, F» = 2 and Fj40 =
Foi1+ F, for all n € N.

Q1.1 (2 POINTS)
Prove (directly, without induction) that Fy, 44 = 3F, 41 + 2F),, for every n € N.

Solution. Note
Fryq = Frys + Foyo
= (Fn+2+Fn+1)+(Fn+l JFFn)
= Fpi2+2F 1+ Fy
= (Fog1 + F,) +2F, 1 + Fy
=3Fh4+1 +2F,

Grading. 1pt for correctly stating Fi44 = Fj13 + Fri2. 1 pt for completing the
argument correctly.

There is a more difficult solution that starts from 3F,, 1 + 2F),, and gets F,,14. This
solution is also acceptable.




Q1.2 (3 POINTS)

Prove by induction that for every natural number n, that Fjy, is a multiple of 3.
(You may use the result of Q1.1.)

Solution. We will prove this by induction. We will assume (the obvious fact) that
every F), is an integer.
Let P(n) be the statement “Fy,, is a multiple of 3”.

Fornzl, observe that F3 =1+ 1=2, and so Fyq)=Fy =2+1=3,

which is clearly a multiple of 3.

’Induction step‘ Suppose that P(n) is true for a particular n € N. So there is an
m € Z such that Fy,, = 3m.
Note

Fytny1) = Fanta
= 3Fynt1 + 2F 4, By Q1.1
= 3F4n+1 + 2(3m) By IH
= 3(F4n+1 + 2m)

Since Fypy1 + 2m € Z, we have shown that Fjy, 1) is a multiple of 3. So P(n + 1)
is true.

Grading.
e Opt: Stated the P(n) explicitly and correctly. [This is not worth a point
in this problem.]
e 1pt: Proved the base case explicitly and correctly.
— Do not award this point if the student starts with the conclusion, and
then derives a true statement.
e 1pt: The induction hypothesis was explicitly assumed for a particular n € N,
and its use was pointed out (correctly).
e 1pt: The structure of the proof of the inductive step was correct.
— Do not award this point if the student starts with the conclusion, and
then derives a true statement.
— Award this point only if the mathematical idea of the inductive step is
mostly correct.




Q2.1 (2 POINTS)

A function f: R — R is defined to be bounded above if
(IM € R)(Vx € R)[f(x) < M].

Prove that if f : R — R is bounded above, then f is not a surjection.

Solution. Suppose that f is bounded above. So there is an M € R such that
f(z) < M for all real z. In particular, since M +1 is a real number, and M +1 > M,
there is no real x such that f(x) = M + 1.

So f is not surjective.

Grading. 1 point for choosing y = M + 1, or another suitable real number. 1
point for arguing why that y is not the image of any .

Do not award any points for variations of the imprecise argument “f is bounded
above, so it can’t reach anything above M.” In order to receive any points, the
solution must provide an example of a y that does not get achieved.

Q2.2 (3 POINTS)

Let f: A — B be a bijection and ¢g : B — A be a function such that fogo f(a) =
f(a) for all @ € A. Prove that g = f~1.

Solution. Since f is a bijection, f~! exists, and is a bijection. Let a € A. By
applying f~! to both sides of fogo f(a) = f(a), we get

go f(a) =a.
We will show that f=1(b) = g(b) for all b € B, which shows that g = f~!. Let
b € B. Since f is a bijection (in particular a surjection), there is an a € A such that
f(a) = b. By definition f~1(b) = a.
By above, g o f(a) = a, and thus

as desired.

Grading. 1 point for correctly showing go f(a) = a. 1 point for a correct structure
(This means that they must be attempting to show f~1(b) = g(b) for all b € B). 1
point for a correct and clear argument.

[End of Quiz]



